Abstract. In this paper we give a positive answer to the question are there useful branched surfaces which carry nothing? Conversely, we point out the subtlety of the question when does a branched surface in a 3-manifold fully carry a lamination? by constructing for every n a 3-manifold and a branched surface whose lift to a certain degree n cover fully carries an essential lamination, but whose lift to any degree m cover with m < n does not carry anything. These two questions were both posed by D. Gabai in his well-known problem list [13] .
Introduction
The aim of this paper is to explore certain generalizations of the structure of a taut foliation on a 3-manifold. Suppose a 3-manifold M admits a taut foliation F . Then one can draw many powerful conclusions about M and F , amongst them the following:
• The universal cover of M is homeomorphic to R 3 or to S 2 × R. [22] • Leaves of F are incompressible and transverse loops to F are homotopically essential. [21] • There is a metric on M for which leaves of F are minimal surfaces. [23] • Either F has a torus or spherical leaf, or there is a metric on M for which leaves of F have constant curvature −1.
[8] • π 1 (M ) either contains a Z ⊕ Z or π 1 (M ) is word hyperbolic and the mapping class group of M is finite. [7] A taut foliation is clearly a very useful structure to find on a 3-manifold. Unfortunately, taut foliations have many significant drawbacks, among them the following:
• A foliation is an inherently non-combinatorial object, and can rarely be specified by a finite amount of data. Thus it is difficult to treat questions about taut foliations algorithmically except under constrained circumstances.
• Foliations frequently admit certain deformations which alter their isotopy class in "inessential" ways. For instance, leaves can be blown up or down and perturbed, sequences of isotopies can converge to a non-isotopic geometric limit, etc. Thus the "moduli space" of taut foliations is hard to understand.
• It is an open question whether there is an algorithm to tell whether a given 3-manifold admits a taut foliation. In fact, there are several concrete examples of (quite small) 3-manifolds for which it is not known whether there is an algorithm to tell whether they have a taut foliation, so that this problem seems to be hard in practice as well as in principle.
• The preceding question is difficult even for classes of 3-manifolds that are very well understood in other ways. In fact, the question of precisely which Seifertfibered 3-manifolds admit essential laminations was only answered completely by Naimi in [20] building on substantial results of Neumann, Eisenbud, Brittenham, Thurston and others. One popular approach to getting around these difficulties is to "approximate" a foliation or a lamination by a combinatorial object called a branched surface. One can then study the interactions of this combinatorial object with a combinatorial structure on the 3-manifold, for instance a triangulation or a Heegaard splitting. Unfortunately, it is hard to go in the other direction, to tell when a branched surface "comes from" or "fully carries" a lamination. In this context, there is the following discouraging (but beautiful!) theorem of Mosher:
Theorem 1 (Mosher). The problem of whether or not a branched surface abstractly carries a lamination is algorithmically unsolvable.
It is not known whether the same is true for branched surfaces in 3-manifolds. In this vein, problem 2.2. of Gabai in [13] asks:
Problem 1 (Gabai). Give an algorithm to decide if a branched surface in an irreducible 3-manifold carries an essential lamination.
We do not solve this problem in the sequel, but we do point to its subtlety by proving the following Theorem 2. 16 . There exists a branched surface B in a 3-manifold which does not carry a lamination (of any kind) but it virtually carries a lamination (and even an essential lamination), in the sense that there is a finite cover M of M so that the pullback of B to M carries an essential lamination. In fact, for any n there is a branched surface B n in a manifold M n and an n-fold cover M n of M n such that the pullback B n fully carries an essential lamination, but there is no m-fold cover of M n with m < n for which the pullback B n carries anything.
In some sense then, the "obstruction" for a branched surface to carry a lamination can have any finite order.
Our approach to getting around the difficulties of taut foliations is to sidestep the issue somewhat. We define structures on 3-manifolds whose existence is a priori weaker than the existence of taut foliations, but which certify that the manifold M satisfies some of the same properties. There is a differential geometric version of these structures called taut cone fields and a combinatorial version called taut local orientations. It turns out that a 3-manifold with a taut local orientation admits a taut cone field and vice versa, and that a 3-manifold with a taut foliation admits both. Taut local orientations are dual to certain kinds of branched surface.
The following theorem was proved in [4] : In this sense, our structures provide a positive answer to the (ill-posed?) problem 2.6 of Gabai in [13] :
Problem 2 (Gabai). Are there useful branched surfaces which carry nothing?
Obviously problem 2 is the origin of this paper's title.
In the second part of the paper we investigate another kind of structure which is analogous to a certain kind of foliation of a 3-manifold, precisely one arising from a slithering over S 1 . A manifold M is said to slither over S 1 if M fibers over S 1 in such a way that the deck group acts by bundle automorphisms. The connected components of the fibers are the leaves of a π 1 (M )-invariant foliation of M which descends to M . This terminology is from [27] . The kind of structure we study is a 1-cochain s with bounded coboundary whose "approximate level sets" (in π 1 (M )) are coarsely connected and simply connected. We call such a 1-cochain uniform.
For manifolds with such an s, we show that the fundamental group either contains a Z ⊕ Z or is word-hyperbolic, and we set up a program to show that in the second case the manifold is hyperbolic. This program mirrors Thurston's program to show that atoroidal 3-manifolds slithering over S 1 are hyperbolic, and we show in any case that our 3-manifolds have a similar structure theory to that developed by Thurston in [27] . In particular, we show: More complete results and a discussion are contained in the sequel. In particular, we point out a strong analogy between these structures and taut local orientations or taut cone fields and a heuristic approach to obtain a taut cone field from a uniform 1-cochain.
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Local orientations

Branched surfaces.
Definition 2.1. Let M be a 3-manifold with a triangulation τ . A local orientation on τ is a choice of orientation on each edge of the 1-skeleton satisfying the following properties:
• For every vertex v, the maximal subgraphs o(v), i(v) of link(v) whose vertices are respectively, the outgoing and the incoming vertices from and to v, are nonempty and connected.
• The orientation comes from a total ordering on the vertices of each tetrahedron • Every oriented loop in the 1-skeleton is homotopically essential. Furthermore we call the local orientation taut if the orientation on the 1-skeleton is recurrent, and Reebless if there is no normal torus T whose co-orientation agrees with the orientation on τ 1 ∩ T bounding a solid torus in M . If we don't know that every oriented loop in the 1-skeleton is homotopically essential, we call the structure a weak local orientation.
Obviously a taut local orientation is Reebless.
Definition 2.2.
A branched surface is a complete, Hausdorff, second-countable space which is locally modeled on the space depicted in figure 1. It is typically found embedded in a 3-manifold. A branched surface in a 3-manifold is full if the complementary regions are balls with one annular suture in the boundary. A branched surface has taut complement if its complementary regions are taut sutured manifolds.
In general, there is an obvious product neighborhood of a branched surface in a 3-manifold, and we say that a lamination is carried by a branched surface if the branched surface can be isotoped in such a way that the lamination is transverse Figure 1 . A branched surface in a 3-manifold is locally modeled on the object depicted above to the product structure. For a branched surface with taut complement, complementary regions can be filled in with taut foliations, and one can find vector fields transverse to these foliations which join up with the product structure on a neighborhood of the branched surface to give a nonsingular vector field on M . Call such a vector field a taut filling of B. We say that a lamination or foliation is partially carried by a taut branched surface B if there is an isotopy of the branched surface so that the lamination or foliation can be made transverse to some taut filling of B. An extreme instance of this is that a taut foliation is partially carried by an empty branched surface.
In [4] we prove the following theorem: This is the sense in which we claim that a taut or Reebless local orientation is "useful".
A local orientation is dual to a full branched surface made by collapsing a quadrilateral and two triangles in each tetrahedron. For O a local orientation, denote by B(O) the dual branched surface. A foliation or lamination carried by such a branched surface is essential; for such local orientations, theorem 2.3 is already well-known and classical.
Cone fields. Definition 2.4.
A cone field C on a 3-manifold is symmetric two-tensor of signature (2, 1). That is, there exist local co-ordinates in which it can be written in the form Another way of saying this is that a cone field is the same thing as a Lorenz metric on M .
It turns out that cone fields are a big source of triangulations with local orientations. 
Proof:
On a sufficiently small co-ordinate chart in M , a cone field agrees to first order with a "standard" cone field
In such a co-ordinate chart we can consider a Riemannian metric h ij dx i ⊗ dx j of the form
If t is very large, we say colloquially that we have a slow speed of light; if t is very small, we say we have a fast speed of light.
If we pick a metric with a very fast speed of light, then the cone field looks very shallow and is almost indistinguishable from a degenerate cone field locally of the form dx 3 ⊗ dx 3 and the light cones look almost like a foliation defined by the 1-form dx 3 (v) = 0. For instance, since the actual speed of light in our universe is subjectively very fast, we have the illusion that we can define what it means for two events to occur at the "same time" in two different places.
With respect to such a metric we choose a reasonably efficient sphere-packing of M by balls B i of some fixed small radius ǫ centered around points p i . Let T be the triangulation with vertices at the p i dual to the Voronoi cell decomposition for this packing. For sufficiently small ǫ, this is indistinguishable from (random) spherepacking in Euclidean R 3 , so we can find a packing for which the simplices of T have dihedral and face angles bounded below by some uniform constant, independent of M . In our small co-ordinate charts, the light cones are indistinguishable from a horizontal foliation of R 3 . In particular, by perturbing the p i a bounded amount, we can ensure that the edges make a definite angle with this "horizontal foliation" (i.e. they are carried by the cone field) while keeping the dihedral and face angles bounded below by some slightly smaller constant. As we move from co-ordinate chart to co-ordinate chart, the affine structure only varies up to first order, so the "straight" simplices in each chart are combinatorially equivalent. Note that with respect to a metric in which C looks like a standard cone field, the simplices of the triangulation are very thin, and all edge angles are very close to 0 or π. But in our special metric, the triangulation looks locally like an affine triangulation transverse to a horizontal foliation defined by a height function; an orientation on the edges of a triangulation inherited from height function is obviously a weak local orientation.
Finally, one can refine such a triangulation to make it recurrent if C is recurrent. For, if p, q are a pair of vertices of τ , and γ is a positive timelike path joining p to q, we can include γ in the 1-skeleton of a refinement of τ . If σ is a simplex of τ , and p is the "lowermost" vertex with respect to the local orientation, then we can choose our refinements so that every new vertex p ′ ∈ σ of the refined triangulation can be reached from p by an oriented edge in the refinement of σ, and similarly all such new vertices can be joined by an oriented edge in the refinement to the "uppermost" vertex of σ. Thus the new graph will be recurrent once any two "old" vertices can be joined by a positive timelike path, and only finitely much subdivision is required. The subdivision can be done in a locally affine manner, so the refined triangulation still admits a weak local orientation.
Obviously, if C is homotopically essential, any weak local orientation that it supports is actually a local orientation.
Furthermore, a big source of recurrent cone fields are volume-preserving flows, as the following lemma establishes. Lemma 2.6. Let X be a volume-preserving flow on M . Then any cone field supporting X is recurrent.
Suppose otherwise; then there is a ball B ⊂ M so that if N is the forward orbit of B under the flow by X, the time t flow takes N properly inside itself, violating the condition that X be volume-preserving.
It would be nice to have good criteria for a volume-preserving vector field X so that a sufficiently thin cone field C supporting X should be homotopically essential; but this seems difficult. One necessary condition is that X should have no null-homotopic recurrence. Unfortunately, this condition is not sufficient, as the following example shows.
Example 2.7. Let M = T 3 parameterized as R 3 /2πZ 3 , and let X be the vector field
If C is any cone field supporting X then there is some ǫ so that it supports all vectors making an angle of at most ǫ with X. In particular, we choose the following
This is merely piecewise smooth, but it can be smoothed by a very small isotopy preserving the property of being supported by C. It is obvious that the image of γ is a closed null-homotopic loop.
Observe that if we weakened the condition on C that it merely support X in the closure of the time-like vectors -i.e. we allow vectors in X to be light-likethen a homotopically essential C could be found.
Question 2.8. Suppose M is atoroidal and suppose that X, a volume-preserving vector field on M , admits no null-homotopic recurrence. Is it true that any sufficiently thin cone field C supporting X is homotopically essential? Example 2.9. If M is Gromov-negatively curved and X is volume-preserving and its lifts to M are uniformly quasigeodesic, then any sufficiently thin cone field C supporting X also supports only uniformly quasigeodesic flowlines in M . In particular, if M were the connect sum of a hyperbolic 3-manifold with a counterexample to the Poincaré conjecture, then it would admit no uniformly quasigeodesic volumepreserving flow. In particular, a positive answer to the following question would imply the Poincaré conjecture; this is just meant to be an amusing observation, and not a serious suggestion for a research program! One necessary and sufficient condition is the following: Lemma 2.11. Let X be a volume-preserving vector field on M not covered by
Then every sufficiently thin cone field is homotopically essential iff there is an ǫ > 0 so that for each p ∈ M there is a properly embedded plane π p in M through some lift of p which is transverse to X and makes an angle of at least ǫ with the flowlines of X everywhere.
We stress that there is no need for the planes π p to vary continuously with p. Such π p may be thought of as "Lipschitz sections" of X.
Proof: It is clear that if C is the cone field of vectors which make an angle of less than ǫ with X, then any line in M supported by C which crosses a π p must thereafter stay on the same side of π p . In particular, C supports no closed loops, so that C is homotopically essential.
Conversely, if some thin C is homotopically essential, theorem 2.5 and lemma 2.11 imply that it supports a taut local orientation and the leaves of the foliation of M produced in theorem 2.3 suffice as π p .
Example 2.12. If X is a quasi-geodesic pseudo-Anosov flow on a negatively curved 3-manifold M , then such "Lipschitz sections" of X are produced in [6] where they are used to construct metrics on universal circles of foliations which behave nicely under the natural action of π 1 (M ). Theorem 2.13. Let X be a volume-preserving flow on M . Suppose there is some finite cover M of M which admits a taut foliation transverse to the pullback X. Then there is a taut local orientation transverse to X.
Let F be the taut foliation of M which is transverse to X. Then the leaves of F make a definite angle ≥ ǫ with every leaf of X at every point, by compactness. So we can apply lemma 2.11 to construct a homotopically essential recurrent cone field C which supports a taut local orientation by theorem 2.5.
Remark 2.14. Observe that a powerful tool for the analysis of cone fields is a choice of co-ordinates in which the "speed of light" parameter is very close to 0 or to ∞. If the speed of light is very fast, a cone field looks like a foliation and we can construct a triangulation supported by it. If the speed of light is very slow, a cone field looks like a vector field. Proof: Let E be a circle bundle over a closed surface Σ. Let X be the foliation of E by circles. Topologically, such bundles are classified by the Euler class of the circle bundle. The well-known Milnor-Wood inequality (see e.g. [28] ) says that if E admits a foliation or lamination transverse to X, then the Euler class of the circle bundle is ≤ the Euler characteristic of Σ. More generally, if E admits an integrable multi-section of degree n transverse to X,
We suppose that we have chosen E with χ(E) > nχ(Σ).
For some very small ǫ, let C be the cone field of vectors which make an angle of less than ǫ with the tangent space to X. Then any loop supported by C is homotopically essential in E, since it can be forced to wrap as many times as required in the "circle direction" before closing up, by choosing ǫ small enough. An orientation on X gives an orientation on C. By theorem 2.5, there is a triangulation τ of E whose edges are timelike paths for C so that the inherited orientation gives a local orientation on τ 1 which is evidently taut. Any lamination carried by the dual branched surface to this taut local orientation would be transverse to X. Such a lamination would have product complementary regions and could be filled in to a foliation, contradicting the Milnor-Wood inequality. Therefore no such lamination can exist.
This theorem answers affirmatively a question posed in [4] . More generally, to the extent to which a taut local orientation may be thought "useful", this answers affirmatively a problem posed by Gabai in [13] . Theorem 2.16. There exists a branched surface B in a 3-manifold M which does not carry a lamination (of any kind), but it virtually carries a lamination (and even an essential lamination), in the sense that there is a finite cover M of M so that the pullback of B to M carries an essential lamination. In fact, for any n there is a branched surface B n in a manifold M n and an n-fold cover M n of M n such that the pullback B n fully carries an essential lamination, but there is no m-fold cover of M n with m < n for which the pullback of B n carries anything.
Proof: Let M be a circle bundle over a surface Σ the orientable surface of genus g, so that the Euler class of the bundle is equal to 2χ(Σ) = 4 − 4g. A presentation for π 1 (M ) is given by
Thus H 1 (M ; Z) = Z/(4g − 4)Z and there is an obvious homomorphism π 1 (M ) → Z/2Z with kernel α i , β i , γ
2 . This defines a cover M which is a circle bundle over Σ with euler class χ(Σ). That is, M is isomorphic, as a circle bundle, to the unit tangent bundle of Σ. In particular, the stable foliation of the geodesic flow on Σ defines an obvious taut foliation F of M transverse to the circles. Let i : M → M be the covering involution. i can be chosen to be an isometry of a P SL(2, R) structure on M which preserves the foliation by circles.
Choose C very acute and τ a triangulation supported by C with very small simplices, as in theorem 2.15. By choosing C sufficiently acute, the foliation F will be transverse to the pullback τ . Moreover, if the simplices of τ are sufficiently small, the foliations F and i(F ) will define almost parallel plane fields on the scale of a typical simplex. That is, the total orderings of a simplex ∆ of τ defined by F and by i(F ) will agree, and therefore these total orderings will define a taut local orientation on τ which descends to τ . For, recall that the triangulation was chosen from a sphere-packing with respect to a metric for which there is a very fast speed of light; in such a metric, F and i(F ) are both very close to the orthogonal distribution to X, and so define the same "approximate height function".
Dual to this local orientation is a branched surface B which covers a branched surface B in M , since it is defined by a combinatorial structure on τ which is invariant by i. If we blow up a leaf of F to get a lamination Λ (which can be done without disrupting transversality) then Λ is carried by B, even though B does not carry anything, by theorem 2.15.
By choosing instead a bundle with Euler class equal to nχ(Σ) we can construct M n , B n . Now, any finite cover of M n is a circle bundle over a surface. In an m-fold cover, there are integers m 1 , m 2 such that the Euler characteristic of Σ multiplies by a factor of m 1 and the Euler class of the bundle by m 1 /m 2 , where m 1 m 2 = m. Roughly speaking, lifts in the "surface direction" do not affect the ratio of the Euler class of the bundle to the Euler characteristic of the base; lifts in the "circle direction" unwind the circle, and hence reduce the Euler class. But if m < n, the Milnor-Wood inequality still applies to an m-fold cover of M n , B n , and it has the desired properties.
As another corollary, we get Corollary 2.17. Let C be a recurrent cone field on a manifold M which can be written as a nontrivial connect sum M 1 ♯M 2 other than RP 3 ♯RP 3 . Then C admits a homotopically trivial positive timelike closed curve.
Proof: We construct τ with a recurrent weak local orientation on its 1-skeleton, whose edges are supported by C. If every oriented loop in the 1-skeleton were homotopically essential, this orientation would be a taut local orientation, and M would be irreducible or covered by S 1 × S 2 . Hence some oriented loop in the 1-skeleton is homotopically trivial. This loop is positive and timelike with respect to C.
Refining partial orderings.
Definition 2.18. Let (X, >) and (Y, >) be partially ordered sets. A strictly orderpreserving map f : X → Y is one with the property that f (x) > f (y) whenever x > y. Notice that every totally ordered subset S ⊂ X embeds in an orderpreserving way in Y . If Y is obtained as a quotient space of X by some equivalence relation, we say (Y, >) refines the partial order on X.
If (X, >) is a partially ordered set, there is a natural topology on X called the order topology on X. A basis for the open sets in the order topology are those sets I defined by the following properties:
• There are elements x, y with x < y so that x < p < y for all p ∈ I.
• I is a totally ordered subset of X.
• I is maximal with respect to the preceding property, for some fixed x, y. For "reasonable" X (e.g. those for which there is a countable basis for the order topology) each such special open set I can be embedded homeomorphically (in an order-preserving way) in the unit interval I.
A (not necessarily Hausdorff) oriented 1-manifold L has a natural partial order providing there is no embedding e : S 1 → L. The partial ordering is defined by the condition that x > y iff there is an orientation-preserving embedding e : I → L with e(1) = x and e(0) = y. The order topology in this case agrees with the topology of L as a manifold. Call such a manifold acircular. L is Hausdorff in this case exactly when the partial ordering is a total ordering. Definition 2.19. A refinement of the partial order on an acircular oriented 1-manifold is geometric if the quotient space is also an acircular oriented 1-manifold.
Note that L ′ as asked for is a simply-connected Hausdorff 1-manifold, so is necessarily homeomorphic to R. Example 2.21. Let L be obtained as a quotient space from two intervals I 1 , I 2 by the identification I 1 (t) = I 2 (t) whenever t < 1/3 or t > 2/3. This is an orientable, acircular 1-manifold; we assume it has been given an orientation. Let J 1 , J 2 be the closed subintervals of I 1 , I 2 where 1/3 ≤ t ≤ 2/3.
Let Γ be the full group of order-preserving automorphisms of L. Then there is no Γ-equivariant refinement of L to a totally ordered interval. For, such a refinement would give an identification J 1 → J 2 which was equivariant with respect to Γ; but this is impossible, since there certainly exist elements of Γ which act on J 1 as the identity but nontrivially on J 2 .
This example is instructive, and it suggests that one should restrict attention to groups Γ such that for each closed embedded interval I ⊂ L, the subgroup of Γ stabilizing I is trivial. Proof: Let τ 1 be the 1-skeleton of a 3-manifold M with a taut local orientation O whose dual branched surface B(O) does not carry a foliation. Then we can consider τ 1 , the 1-skeleton of the universal cover M . Note that this is not the universal cover of τ 1 . τ 1 is not quite a 1-manifold yet, because of the vertices; but there is a natural "resolution" of these non-manifold points: if v is a vertex at which there are i incoming and j outgoing edges, we can replace v by ij points corresponding to the possible oriented polygonal paths made of two edges containing v in their interior. Let L be this nonsingular resolution of τ 1 , and let Γ = π 1 (M ) acting on L by lifting in the obvious way its action on τ 1 by deck transformations. If there were a Γ-invariant refinement of L to a simply-connected 1-manifold L ′ , we could "foliate" L by the preimages of points of L ′ . This foliation could be extended to an affine foliation of each simplex of τ . By the local property of a taut local orientation, this foliation would be nonsingular everywhere, and therefore would give a π 1 (M )-equivariant foliation of M . Such a foliation descends to M where it is carried by B(O), contrary to assumption.
Atoroidal manifolds
For M an atoroidal, irreducible 3-manifold, the Thurston norm on H 2 (M ; R) has the following properties:
• The norm · is nondegenerate. • The unit ball in this norm is a finite sided polyhedron.
• The convex hull of the set of Euler classes of taut foliations of M is exactly the unit ball of the dual norm on H 2 (M ; R).
For a proof, see [25] and [12] .
A branched surface has a well-defined tangent space at any point. If this branched surface is full, this tangent bundle can be extended unambiguously as a homotopy class of 2-plane field over the complementary balls by choosing a foliation of those balls by disks whose boundaries run up the suture, and letting the extension of the 2-plane field agree with the tangent space to this foliation in the ball. It follows that there is a well defined Euler class of the tangent bundle of a full branched surface, defined to be the Euler class of such an extension.
If O is a taut local orientation, let χ(O) ∈ H 2 (M ; R) denote the Euler class of the dual full branched surface.
From the facts above about the Thurston norm, the following lemma is immediate: 3.1. Pseudo-Anosov flows. We enumerate here some basic facts about pseudoAnosov flows on 3-manifolds. For details the reader should consult e.g. [25] .
The stable and unstable singular foliations for a product-covered pseudo-Anosov flow Ψ can be split open to produce a pair of genuine laminations Λ ± whose gut regions are sutured finite-sided polygon bundles over S 1 . Topologically, they are solid tori, and there is a natural invariant transverse measure for Ψ for which the area of one of these polygon bundles is equal to the area of a combinatorially equivalent hyperbolic polygon.
In general, a flow X on a 3-manifold M is called product-covered if the lift X to the universal cover M is topologically conjugate to the product foliation of R 3 by vertical lines (this terminology is from [10] ). Pseudo-Anosov flows transverse to slitherings, or more generally to R-covered foliations, are product-covered by [5] .
On a hyperbolic manifold, one might expect to find taut local orientations supported by quasi-geodesic recurrent cone fields, possibly obtained by perturbing quasi-geodesic vector fields. A large source of such quasi-geodesic vector fields come from pseudo-Anosov flows. However, for such flows we have the following fact: Proof: A product covered flow is one for which, in the universal cover, there is a structure of M as R 2 × R such that the flow lines are of the form point × R. The stable and unstable laminations are very full and their leaves project to properly embedded lines in the R 2 factor. Their endpoints are circularly ordered by this embedding, and let us compactify the R 2 as the closed unit disk in such a way that the action of π 1 (M ) on the universal cover descends to an action on the compactification of the R 2 factor, and thereby to an action on S 1 . One obtains a foliated circle bundle over M from the representation of π 1 (M ) in Homeo(S 1 ), and it is clear that the Euler class e of this circle bundle is equal to the Euler class of the 2-plane field. On the other hand, the Milnor-Wood inequality implies that for every surface Σ ∈ M , the restriction of the circle bundle to Σ has Euler class at most equal to the Euler characteristic of Σ. Since the value of this class is independent of choice of Σ in its homology class, the value of e on an element lifts uniquely to ρ : π 1 (M ) → Homeo(S 1 ), since the obstruction is an element of H 2 (π 1 (M ); R) = H 2 (M ; R) = 0, and the different choices of lifts are parameterized by H 1 (π 1 (M ); R) = H 1 (M ; R) = 0. It follows that there is a well-defined real-valued rotation number of any γ associated to ρ, which we denote rot ρ (γ). 
Rotation number is a class function, and so in particular defines a 1-cochain on π 1 (M ). It is not in general a cocycle, but its coboundary is a bounded 2-cocycle, since in particular we have
Since H 1 (M ; R) = 0, for every γ ∈ π 1 (M ) there is an n and m so that we can write
for some α i , β i ∈ π 1 (M ). In particular, the rotation number of γ is less than 2m/n with respect to any representation π 1 (M ) → Homeo(S 1 ), as required. 
Proof:
By a theorem of Gabai in [14] , there is a fixed triangulation τ of any given 3-manifold M so that every genuine lamination can be put in normal form with respect to τ . If X is a pseudo-Anosov flow, we can split open the stable and unstable singular foliations to genuine laminations Λ ± with solid torus guts. Some torus satellite of a singular orbit γ of X is isotopic to an interstitial annulus of such a gut region, but once we put Λ + (say) into normal form with respect to τ , we observe there are only finitely many isotopy choices for such an interstitial annulus, and therefore only finitely many isotopy choices for γ.
With the aid of these lemmas we can show that a rational homology sphere cannot slither around too small a circle: Theorem 3.6. Let M be a rational homology sphere. Then there is a uniform t (depending on M ) so that for any slithering s : M → S 1 there is a loop γ transverse to F with rotation number at most t.
Let F be the foliation arising from a slithering s. Then there is a pseudo-Anosov flow X transverse to F by [27] , and by Gabai's theorem, there are only finitely many choices for a singular orbit of X. By our lemma, the rotation numbers of all such potential singular orbits are uniformly bounded above for all representations of π 1 (M ) in Homeo(S 1 ).
Bounded cohomology.
Definition 3.7. Suppose G is a finitely presented group. A cochain s ∈ C 1 (G) is uniform if it satisfies
• s(βαβ −1 ) = s(α) for all α, β ∈ G.
• s(α n ) = ns(α) for any α ∈ G and n ∈ Z.
• |δs(α, β)| = |s(α) + s(β) − s(αβ)| ≤ const. That is, δs ∈ C 2 b (G) and the constant is equal to δs .
• For some t the set G t = {α ∈ G such that |s(α)| ≤ t} is coarsely connected and coarsely simply-connected as a metric space, with the metric inherited as a subspace of Cayley(G) with some word metric. Call s weakly uniform if the coarse level sets are merely coarsely connected, and not a priori known to be coarsely simply-connected. then s satisfies the first three conditions of a uniform 1-cochain. We will assume without comment in the sequel that our 1-cochains satisfy the first three conditions of uniformity. The cochain s is a kind of "coarse representation" of π 1 (M ) in R. For an arbitrary finitely-presented group G, and an actual representation ρ : G → R one can think of the kernel K = ker(ρ) as a subspace of the Cayley graph of G. As is well-known, K is finitely generated iff it is coarsely connected (i.e. it has a connected t-thickening for some t) as a subspace of Cayley(G), and is finitely presented iff it is coarsely simply-connected (i.e. it has a simply-connected t-thickening for some t) (see e.g. [17] ). For a 3-manifold group G, the celebrated Scott core theorem implies that these concepts are the same.
We conjecture that an analogous fact is true for coarse representations of 3-manifold groups.
Conjecture 3.8. Let M be a 3-manifold, and let s be an unbounded 1-cochain with the properties above and with c = δs a bounded cochain. Then for sufficiently large t the set
is coarsely connected (i.e. s is weakly uniform) iff it is coarsely simply-connected (i.e. s is uniform).
The next sequence of lemmas can be proved under the assumption that s is weakly uniform.
Pick an efficient triangulation τ of M . This is a triangulation with only one vertex. Such a triangulation exists for any prime 3-manifold except RP 3 and S 2 × S 1 , by a result of Casson ([9] ). Assume this lifts to a genuine triangulation τ of M whose vertices correspond exactly to elements of π 1 (M ); this will happen if the edges of τ represent nontrivial elements of π 1 (M ). We may assume without loss of generality, possibly by changing the triangulation slightly, that s(γ) > c for some edge corresponding to an element γ ∈ π 1 (M ). After choosing a base vertex in τ , the action of the deck group gives us an identification of the vertices of τ with π 1 (M ), and therefore there is a natural map s : τ 0 → R. We extend this in an affine way on each simplex to get a natural extension S : M → R.
Lemma 3.9. Suppose s is weakly uniform. Any two level sets are a finite Hausdorff distance apart. In fact, there are constants C 1 , C 2 , ǫ so that for any t 1 , t 2 and any point p ∈ Σ t1 ,
Proof: Let Σ t denote the level set of t. Suppose s(α) > 0. We want to show Σ t1 and Σ t2 are a finite Hausdorff distance apart; every point in M is within bounded distance of some lift of the base point; the value of S changes by a constant amount over this distance. It follows that for any p ∈ Σ t1 we can find a lift of α n originating within a bounded distance from p, where
which intersects Σ t2 . It follows that some point in t 2 is a bounded distance from our initial point p, where this bound is independent of p. Reversing the roles of Σ t1 and Σ t2 , we see that each is contained in a bounded neighborhood of the other; equivalently, they are a bounded Hausdorff distance apart, where this bound is linear in |t 2 − t 1 |.
To get the lower bound, observe that the gradient of S is uniformly bounded above.
Let Σ t be a nonsingular level set of S; we abbreviate it by Σ. Any level set corresponding to a value t ∈ R not attained by any vertex will be nonsingular; since there are only countably many elements of π 1 (M ), such a value can be found.
Obviously every component of Σ is properly embedded; by hypothesis it is coarsely connected. Proof: This is clear from the fact that δs is bounded; C 3 can be estimated from this norm.
It follows that if we choose some α with s(α) ≫ 0, the translates α i (Σ) are all disjoint. Moreover, for each i, the translates α i (Σ) and α (i+1) (Σ) are a finite Hausdorff distance apart, thought of as subsets of M . Moreover, since Σ 0 is coarsely connected by hypothesis, each Σ r is coarsely connected for a uniform coarse constant.
Lemma 3.11. Suppose s is weakly uniform. Then Σ is connected.
Proof: Recall that there is some edge γ of the triangulation for which s(γ) > c . It follows that s(αγ) > s(α) for every α, so that every lift of this edge is positively oriented. Since Σ is a normal surface in τ every component of Σ intersects some lift of γ. A component of γ passing through this is a properly embedded line projecting homeomorphically to R by S. Suppose there are two components A, B of Σ and suppose without loss of generality that their positive sides are separated from each other. By following the appropriate lifts of γ it follows that there are components A ′ and B ′ of Σ t+r on the positive side of either of A or B for any r. Any path joining A ′ to B ′ must pass through A; such a path must therefore travel at least distance rC 1 − ǫ from Σ t+r , thus violating the fact that all the Σ t+r are coarsely connected for a uniform coarse constant. This contradiction proves the lemma.
Since Σ was an arbitrary nonsingular level set, it is easy to see that an arbitrary (possibly singular) level set is connected.
Lemma 3.12. Suppose s is weakly uniform. Then Σ is uniformly properly embedded; that is, Σ is quasi-isometrically embedded in its t-neighborhood for any t, where the quasi-isometry constant is allowed to depend on t.
Proof: Suppose there are a sequence of points p i , q i ∈ Σ whose distance in M is equal to some constant, but whose distance in Σ goes to infinity. There are a sequence of elements α i ∈ Γ so that α i (p i ) and α i (q i ) converge to p, q. The cochain s is not invariant by α * i , but the cochain α * i (s) defined by α * i (s)(γ) = s(α i γ) − s(α i ) also has δα * i (s) bounded, with approximately the same bound. Thus we may find a subsequence for which α * i (s) converges on compact subsets and extend it in the same way we defined S to a function S ′ . By the same argument as above, the level sets of S ′ are connected. Now, p, q are on the same level set of S ′ , but by construction they cannot be joined by a path in S ′ , contrary to assumption. This contradiction establishes the lemma.
It follows that Σ has the following coarse homogeneity property: there are uniform constants k, r so that for any points p, q ∈ Σ there is a coarse k-quasi-isometry from i p,q : Σ → Σ so that i p,q (p) is within distance r of q. A big source of examples of spaces with the coarse homogeneity property are universal covers of compact spaces, but it is probably not true that these are the only examples.
Example 3.13. Let T n be the infinite n-valent tree. Let f, g be Busemann functions on T 3 and T 4 respectively, and let Σ ⊂ T 3 × T 4 be the 1-skeleton of the subcomplex where f − g is equal to 0. Then Isom(Σ) is transitive on the vertices. But it is conjectured that Σ is not quasi-isometric to any Cayley graph. We learned this example from Oded Schramm.
We continue our investigation of the geometry of Σ.
Lemma 3.14. Suppose s is weakly uniform. Then Σ has only one end.
Proof:
Suppose Σ has at least two ends. Then we can certainly find a curve γ ⊂ Σ separating two ends of Σ; such a γ is characterized by the fact that it is separating but homologically nontrivial in Σ. Then γ is homologically trivial in at least one side of Σ, so it bounds a surface S in the subspace of M above Σ (say). Denote this subspace by M Σ . Since S is compact, it does not intersect Σ s for sufficiently large s. We can choose points p, q in Σ on either side of γ and very far away, and find paths of bounded length above p, q to Σ s ; such paths cannot cross S, but Σ s is connected, so this implies S does not separate M Σ . But now choose arcs α joining p to q in Σ and β joining p to q in M Σ without intersecting Σ. Then β is homotopic to α rel. endpoints. We can arrange that the first level set of this homotopy to intersect Σ is actually contained in Σ. But this arc is homologous rel. endpoints to β, so in particular it does not intersect S or its boundary γ. In particular, γ does not separate p from q, contrary to assumption. This establishes the lemma.
From this point on we will consider uniform 1-cochains s. 1. A pair of very full geodesic laminations Λ ± of H 2 which are transverse to each other and bind H 2 with transverse measures µ ± without atoms. 2. An automorphism Z : H 2 → H 2 which preserves Λ ± and multiplies the measures by k, 1/k respectively.
A uniform quasi-isometry i : M → H
2 × R with the following metric: each level set H 2 × n is isometric to H 2 , and is glued to H 2 × n + 1 by the mapping cylinder of Z whose fibers are normalized to have length 1. 4. There is a constant K so that for any α ∈ π 1 (M ), any t, and any p, q ∈ i −1 (H 2 × t), i(α(p)) and i(α(q) This is the coarse analogue of one of the main theorems of [5] . The proof consists of a series of steps, of two different kinds; the first kind of step involves an analysis of the action of a group of homeomorphisms of S 1 and is basically combinatorial. The second kind of step involves finding constraints on this action, coming from the geometry of the manifold and the (coarse) foliation. For steps of the first kind, the proofs in [5] are valid in the coarse context, since they concern only the combinatorics of the asymptotic action of π 1 (M ) on S 1 univ . Steps of the second kind require a little more elaboration in the context of uniform 1-cochains. The interested reader should consult [5] for a more detailed discussion of the issues involved in steps of the first kind.
The proof will consist of a sequence of lemmas.
The level sets of s are coarsely simply-connected and coarsely homogeneous. Moreover, they are uniformly properly embedded in M and have bounded thickness. By genericity, we can assume s −1 (0) is a normal surface; we abbreviate it by Σ. Pick a basepoint in Σ and let Σ t denote the ball in Σ of radius t.
Lemma 3.17. With notation as above, either Σ is coarsely quasi-isometric to H
2 , or else s can be perturbed to a closed 1-form and represents a non-trivial element of H 1 (M ; R).
Proof: For, either Σ is unambiguously negatively curved on some scale, or else |Σ t | grows subexponentially in t. In the second case, the co-area formula says the ratio |∂Σt| |Σt| → 0. We claim in this case, s can be perturbed to a closed 1-form and thus actually represents an element of H 1 (M ; R). For, in this case we can define a weight on the edges of the triangulation of M by
Σt∩lifts of e sign of intersection
where the sign of the intersection is the algebraic intersection number coming from an orientation on e and Σ. It is clear that w t defines a map from the edges of the triangulation, thought of as a generating set for π 1 (M ), to R. For each triangle T of the triangulation with circularly oriented edges e 1 , e 2 , e 3 we have w t (e 1 ) + w t (e 2 ) + w t (e 3 ) ∼ 0 with an error term comparable with |∂Σt| |Σt| . In particular, the limit lim t→∞ w t defines a map which extends to a homomorphism π 1 (M ) → R. For some e with s(e) ≫ |δs|, all such intersections will be positive, and we can estimate card(Σ t ∩ lifts of e) = O(|Σ t |) so w t is a nontrivial homomorphism, and in particular represents a nontrivial element of H 1 (M ; R). Thus M is homotopy equivalent to a Haken manifold, and the conclusion of the theorem is well-known.
Thus hereafter we will assume Σ is coarsely quasi-isometric to H 2 .
Remark 3.18. The astute reader will notice that our proof of lemma 3.17 is just an adaptation of the result of Goodman and Plante that if λ is a leaf of amenable growth in a foliation F , then F admits a transverse invariant measure with support contained in the closure of λ. (see [16] )
There is a natural action of π 1 (M ) by homeomorphisms on S 1 univ , the ideal (Gromov) boundary of Σ.
Proof: By lemma 3.12 the region contained between two level sets is coarsely quasi-isometric to either level set and therefore to H 2 (where of course the modulus of quasi-isometry depends on the level sets). Thus π 1 (M ) "acts" on the coarse level sets of s by coarse quasi-isometries. In particular, there is a well-defined representation π 1 (M ) → Homeo(S 
Proof:
If π 1 (M ) is conjugate to a subgroup of P SL(2, R) then a standard argument (see e.g. [24] ) implies M is Seifert-fibered or solv. The second case is ruled out by the geometry of the level sets Σ t , since in a solv manifold, they would not be a bounded Hausdorff distance apart.
By theorem 3.21 and lemma 3.22 therefore, we need only consider the case that there are points x, y, z, w ∈ S 1 univ such that (x, y) links (z, w) and a sequence of 4-tuples R i with mod(R i ) → 0 converging to x, y and elements α i such that α i (R i ) → z, w as in the statement of theorem 3.21.
For any d there is a uniform k such that if α(Σ t ) is within Hausdorff distance d of Σ t for some t, then α acts on S 1 univ k-quasisymmetrically. Therefore for sufficiently large i, α i moves Σ t a definite Hausdorff distance away. We can find a map of a cylinder φ i :
Construct φ i in the following way: from the dynamics of α i , it is clear that it has at least 4 fixed points, with one pair x i , y i near the pair x, y. For each level set Σ t we can pick a quasi-geodesic γ t asymptotic to the points in S 1 ∞ (Σ t ) corresponding to x i , y i . By choosing these γ t continuously, we sweep out an (immersed) plane in M which is approximately invariant under α, and for which α i (γ t ) and γ s are a finite Hausdorff distance apart, for an appropriate s. By a small isotopy of γ s we can actually get α i (γ t ) = γ s and therefore obtain a cylinder C i and a map φ i .
Suppose there is a β with the property that (x, y) links β(x, y). Then for sufficiently large i, the dynamics of α i on S 1 univ implies that the intersection of the planes C i and β( C i ) in each level set Σ t with t > 0 stays a bounded distance from the orbit of some p under α. In particular, the projection to C i of this intersection is contained in a compact subset of C i . But a self-intersection of a cylinder which is contained in a compact piece is periodic; it follows that β conjugates α i to α n i for some nonzero integer n. It is easy to derive a contradiction in this case, following [5] . In particular, x, y does not link any of its translates, and the closure of the union of its translates is an invariant lamination of S 1 univ .
Note that though π 1 (M ) acts on S 1 univ , it does not act on H 2 . However, every element α can be extended to a homeomorphism of H 2 which is quasi-isometric, not merely coarsely quasi-isometric, with a constant depending on its modulus of quasisymmetry on the boundary (which can be estimated in terms of |s(α)|). This extension can be done in a way which takes Λ to Λ. In a sense, the representation π 1 (M ) → Homeo(S 1 univ ) is being "improved" to a map (not a representation) e :
which is not quite a representation; but its "coboundary" is controlled, in the sense that for each k there is a t such that if α, β act on Homeo(S 1 ) k-quasisymmetrically, then for each p ∈ H 2 we have d(e(α)e(β)p, e(αβ)p) < t. For elements α with uniformly bounded modulus of quasisymmetry (e.g. for those subset of elements which establish the coarse homogeneity of Σ) this lets us control distortion of very small distances in H 2 under the action of e(α), even though a priori we don't have any control over "geometry in the small" in a space which is merely coarsely quasi-isometric to Σ. If p is a point in a boundary leaf λ of Λ then there is an ǫ neighborhood of p on one side of λ which does not meet Λ. In fact, there is a uniform δ such that every boundary leaf contains a point p which is isolated in its δ-neighborhood on one side. However, D ′ only intersects finitely many leaves λ of Λ in points which are isolated in their ǫ-neighborhoods on one side. If λ ′ is an arbitrary boundary leaf, find a point p ′ with an isolated one-sided δ-neighborhood. Let q ′ ∈ Σ be a corresponding point under the quasi-isometric coarse identification. Then there is β with β(q ′ ) ∈ Σ. Such β act uniformly quasisymmetrically on S 1 univ so a genuine (not coarse!) quasi-isometric extension to H 2 translates p ′ to a point within a uniformly bounded distance of D, where it has an isolated one-sided δ ′ -neighborhood. Taking D ′ to be big enough to contain this uniformly bounded neighborhood of D and ǫ small enough to be less than δ ′ , we see that λ ′ is equivalent under the action of π 1 (M ) to one of the finitely many leaves on the sides of complementary regions which intersect D ′ "thickly". Now, let C be a complementary domain to Λ in H 2 . If it has infinite area, it has infinitely many sides. These fall into only finitely many equivalence classes under the action of π 1 (M ), so some side λ has an infinite orbit in ∂C. Any two level sets Σ r , Σ are uniformly quasi-isometric, since there is certainly some isometry in M taking an arbitrary point in Σ to within a bounded distance of an arbitrary point in Σ r . By the identification S 1 ∞ (Σ r ) = S 1 ∞ (Σ), we can find coarse quasigeodesics λ r ∈ Σ r corresponding to r. The fact that there are only finitely many equivalence classes of boundary leaves under the action of π 1 (M ) implies that there is a uniform d and elements β i with |s(β i ) − i| < d taking λ 0 to within a uniformly bounded distance of λ r . Such β i are in stab(λ) in their action on S 1 univ . Of course, we can take the β i to be powers of some fixed β.
Suppose λ does not end in cusps on both sides. Then the subset of elements γ ∈ stab(λ) with |s(·)| < const is infinite, since the set of points p ∈ λ which are isolated in their δ-neighborhoods on one side are not contained in a compact subset of λ.
Any α ∈ stab(λ) with |s(α)| small coarsely stabilizes level sets, and so acts by an approximate translation on λ r for any r. Conjugation by β n approximately preserves the value of s(·). If conjugation by β blows up translation length of α on level sets, conjugation by β −1 keeps it bounded. Since there are only finitely many α in stab(λ) with bounded |s(·)| and bounded translation length on λ 0 , it follows that we must have [β, α] = 1 for some α. It is possible that β = α N for some very large N (comparable in size to |s(β)|), in which case we could have simply analyzed the action of β (or β −1 ) by conjugation of the elements with |s(·)| small but with a bigger approximate translation length, to find a new α ′ with |s(α)| ∼ |s(α ′ )| but with translation length(α) ′ ≫ translation length(α). Since by hypothesis, there is some reasonably small n with |s(α n )| > δs , α ′ cannot be a power of α, and therefore α ′ , β generate a Z ⊕ Z. If λ ends in cusps, we still have elements β with s(β) large in stab(λ) (this just follows from the compactness of M and the finiteness of the number of orbits of boundary leaves) but there are no α ∈ stab(λ) with |s(α)| small and large translation length. In particular, stab(λ) has a Z subgroup of finite index, since if γ ∈ stab(λ) then the element γβ
can only be one of finitely many elements. Either a neighboring leaf of λ does not end in cusps -in which case we can find a Z ⊕ Z as above -or, we can inductively find a sequence of leaves λ i in ∂C with λ = λ 0 where λ i ∩ λ i+1 is a single endpoint of either. There is an α ∈ stab(∂C) taking λ 0 to λ i for some i = 0, since there are only finitely many orbits of boundary leaves. Then stab(λ) = stab(λ i ) for any i. Thus, αβ n α −1 ∈ stab(λ), so for some n we must have αβ n α −1 = αβ m α −1 by the remark above. By considering the value of s(·) on powers of these elements, we can conclude that n = m, and α, β = Z ⊕ Z.
This proves the lemma. 
Proof: The existence of one invariant very full lamination Λ + is already proved. An analysis of the combinatorics of π 1 (M ) on S 1 univ shows that there is a complementary transverse lamination Λ − , and that the dynamics of an element α on this pair of laminations is alternately expanding and contracting in the transverse direction. The proof of this is found in [5] . Once we have Λ ± , we can extend the identification of S 1 ∞ (Σ) and S 1 ∞ (Σ t ) to a (coarse) quasi-isometric identification ψ t 0 : Σ → Σ t since every point in either level set is a uniformly bounded distance from some pair of geodesics in Λ ± t . Once the dynamics of α on Λ ± has been shown to be topologically expanding/contracting, we can define a measure which is approximately projectively invariant as above by looking at how the length of a segment in Λ ± is stretched or compressed under the action of ψ This completes the proof of theorem 3.16, except for the claim that π 1 (M ) is word-hyperbolic. But this follows easily from the dynamics of Z on H 2 by the method of [2] .
Remark 3.26. Thurston's program to geometrize 3-manifolds which slither over S 1 should apply to 3-manifolds with a uniform 1-cochain, and therefore such manifolds should be geometric, modulo the Poincaré conjecture.
Remark 3.27. There is an obvious relationship between the space of uniform 1-cochains on π 1 (M ) and Bieri's geometric invariant Σ 2 (π 1 (M )) (see [3] for details).
In particular, an "essentially isometric action of π 1 (M ) on R" (terminology from [3] ) which is in Σ 2 (π 1 (M )) defines a uniform 1-cochain by s(α) = lim n→∞ α n (t) − t n for any t ∈ R.
3.4.
A heuristic construction of taut cone fields. Let s be a uniform 1-cochain on M , and let M t be a stratification of M by connected, simply connected level sets of a coarse extension s : M → R. Let M + t denote the subspace of M consisting of points q where s(q) ≥ t. For α ∈ π 1 (M ), let t α denote the real number such that p ∈ M tα . For a point p ∈ M we consider the intersection
This is a group-equivariant construction, in the sense that C(β(p)) = β(C(p)) for any p, β.
Suppose we can find a recurrent cone field C on M which lifts to C on M such that if v is a vector at p supported by C, then v points into C(p). Such a cone field will necessarily be taut, since if γ is a lift of a timelike trajectory to M , s : γ → R is an increasing function. The idea is that the elements α ∈ π 1 (M ) with s(α) > |δα| form a positive "cone" in π 1 (M ); that is, a subset S which does not contain the identity and satisfies ab ∈ S for every pair a, b ∈ S. If we can refine this to a positive cone in the groupoid of homotopy classes of paths in M which is suitably geometric, we can construct a recurrent cone field.
The problem with this heuristic construction is that we have no control over the local geometry of the level sets M t . In fact, since these are only coarse level sets in any case, these sets are only unambiguously defined up to some uniform finite Hausdorff distance; it is not at all clear under what circumstances there is a choice of s : M → R compatible with s : π 1 (M ) → R for which C(p) is even connected, let alone supports a geometric recurrent cone.
It is natural to try to resolve the lack of local control over the geometry of M t by replacing C(p) with some other space derived from the asymptotic geometry of the M t . For instance, if we fix a length l, and let γ v denote the geodesic of length l with γ ′ v (0) = v, we can consider the set C l (p) = {v ∈ U T p M : γ v (l) ∈ C(p)} Again, a recurrent cone field C such that C is a subset of C l will be taut. For instance, if M is nonpositively curved, and the limit set of M t in S 2 ∞ ( M ) avoids some open set, C l will be nonempty for large l. Unfortunately, in precisely this context, the limit set of M t will be all of S 2 ∞ ( M ), for the same reason that the limit set of a leaf of an R-covered foliation is all of S 2 ∞ . However, a modification of this idea will work for 1-cochains whose coarse level sets are not coarsely connected. We state this as a Remark 3.29. If M is obtained by a branched cover of N over a knot K, then a uniform 1-cochain on N pulls back to a 1-cochain on M with bounded coboundary. If K satisfies certain geometric conditions, the pullback will also be uniform. For instance, certain branched covers of Seifert fibered manifolds produces many hyperbolic 3-manifolds with uniform 1-cochains. For appropriate K, a taut local orientation on N pulls back to a taut local orientation on M . There is no reason to expect that the dual branched surface in M carries a taut foliation.
Dynamics and Confoliations
We mention some connections between the notions arising in our context and some other notions in the literature. We also pose a couple of questions which seem to arise naturally from our results.
1. The following theorem of Gutierrez is found in [18] : In view of theorem 2.6 there seem to be intriguing similarities between Gutierrez' theorem and corollary 2.17. Is it possible to deduce this corollary from Gutierrez' theorem? This seems very plausible, but we were not able to see an easy way to do it. 2. A positive confoliation is a 2-plane field ξ in a 3-manifold with the property that for any nondegenerate 1-form α with ker(α) = ξ, we have α ∧ dα ≥ 0 everywhere. If α ∧ dα ≤ 0 everywhere, ξ is a negative confoliation. In [11] the authors make the following definition: Definition 4.2. A confoliation ξ is taut if there exists a volume preserving flow transverse to ξ with no null-homotopic recurrence.
Can this be used to shed some light on question 2.8? 3. Suppose ξ is a contact structure on M with π 2 (M ) nontrivial. Then it is known by a theorem of Hofer (see [19] ) that any Reeb vector field for ξ contains a contractible periodic orbit. What is the relationship between this fact and corollary 2.17? Can π 2 (M ) nontrivial be weakened to M reducible in Hofer's theorem? 4. Is there an example of a branched surface whose universal cover carries a lamination, but for which no finite cover carries a lamination? What about amenable covers?
